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Abstract 

We give a recursion formula to generate all equivalence classes of bi- 
connected graphs with coefficients given by the inverses of the orders of 
their groups of automorphisms. We give a linear map to produce a con- 
nected graph with say, /x, biconnected components from one with fi — 1 
biconnected components. We use such map to extend the aforesaid result 
to connected or 2-edge connected graphs. The underlying algorithms are 
amenable to computer implementation. 



1 Introduction 

As pointed out in |12j . generating graphs may be useful for numerous reasons. 
These include giving more insight into enumerative problems or the study of 
some properties of graphs. Problems of graph generation may also suggest 
conjectures or point out counterexamples. 

In particular, the problem of generating graphs taking into account their 
symmetries was considered as early as the 19th-century [5]. Sometimes such 
problem is so that graphs are weighted by scalars given by the inverses of the 
orders of their groups of automorphisms. One instance is [TT] (page 209). Many 
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other examples may be found in mathematical physics (see for instance [3] and 
references therein). In this context, the problem is traditionally dealt with 
via generating functions and functional derivatives. However, any method to 
straightforwardly manipulate graphs may actually be used. In particular, the 
main results of [5] and |10) are recursion formulas to generate all equivalence 
classes of trees and connected graphs (with multiple edges and loops allowed), 
respectively, via Hopf algebra. The key feature is that the sum of the coefficients 
of all graphs in the same equivalence class is given by the inverse of the order 
of their automorphism group. 

Furthermore, in [7J the algorithm underlying the main result of |10j was 
translated to the language of graph theory. To this end, basic graph transfor- 
mations whose action mirrors that of the Hopf algebra structures considered in 
the latter paper, were given. The result was also extended to further classes of 
connected graphs, namely, 2-edge connected, simple and loopless graphs. 

In the following, let graphs be loopless graphs with external edges allowed. 
That is, edges which are connected to vertices only at one end. In the present 
paper, we generalize formula (5) of [7J to biconnected graphs. Moreover, we give 
a linear map to produce connected graphs from connected ones by increasing 
the number of their biconnected components by one unit. We use this map 
to give an algorithm to generate all equivalence classes of connected or 2-edge 
connected graphs with the exact coefficients. This is so that generated graphs 
are automatically decomposed into their biconnected components. The proof 
proceeds as suggested in [S]. That is, given an arbitrary equivalence class whose 
representative is a graph on m internal edges, say, G, we show that every one of 
the m internal edges of the graph G adds l/(m • |Aut(G)|) to the sum of the co- 
efficients of all graphs isomorphic to G. To this end, we use the fact that vertices 
carrying (labeled) external edges are held fixed under any automorphism. 

This paper is organized as follows: Section [5] reviews the basic concepts of 
graph theory underlying much of the paper. Section [3] contains the definitions of 
the basic linear maps to be used in the following sections. Section |4~T1 presents 
an algorithm to generate biconnected graphs and gives some examples. Section 
14.21 extends the result to connected and 2-edge connected graphs. 

2 Basics 

We briefly review the basic concepts of graph theory that are relevant for the 
following sections. More details may be found in any standard textbook on 
graph theory such as [2], or in [7] for the treatment of graphs with external 
edges allowed. This section overlaps Section 2 of [7J except for the concept 
of biconnected graph. However, as the present paper only considers loopless 
graphs, the definition of graph given in that paper specializes here for loopless 
graphs. 

Let A and B denote sets. By [A, B], we denote the set of all unordered pairs 
of elements of A and £?, {{a, b}\a e A, b e B}. In particular, by [A] 2 := [A, A], 
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we denote the set of all 2-element subsets of A. Also, by 2 A , we denote the 
power set of A, i.e., the set of all subsets of A. By card(A), we denote the 
cardinality of the set A. Furthermore, we recall that the symmetric difference 
of the sets A and B is given by AAB := (A U B)\(A n B). Finally, given a 
graph G, by |Aut(G)|, we denote the order of its automorphism group Aut(G). 

Let V = {^i}i g N and K, = {e a } ae N be infinite sets so that V n /C = 0. Let 
V C V; V ^ and K C K be finite sets. Let E = E int U £ oxt C [K] 2 and 
i? int fl E cxt — 0. Also, let the elements of E satisfy {e a , e a >} n {e^, e;,<} = 0. That 
is, e a ,e a < 7^ e;,, e&'. In this context, a graph is a triple G = (V, if, E) together 
with the following maps: 

(a) Pint :E lat ^[V] 2 ;{e } M- {vi,Vi*}; 

(b) <^ oxt : E axt -> [V, -ftT]; { } i y {vi,e a '}. 

The elements of V, E and if are called vertices, edges, and ends of edges, 
respectively. In particular, the elements of E irit and E cxt are called internal 
edges and external edges, respectively. The degree of a vertex is the number of 
ends of edges assigned to the vertex. Two distinct vertices connected together 
by one or more internal edges, are said to be adjacent. Two or more internal 
edges connecting the same pair of distinct vertices together, are called multiple 
edges. Furthermore, let card(i? cxt ) = s. Let L = {x±, . . . ,x s } be a label set. 
A labeling of the external edges of the graph G, is an injective map I : E cxt — > 
[K,L};{e a ,e a '} ^ {e a ,x z }, where z 6 {l,...,s}. A graph G* = (V*,K*, E*); 
E* = E* nt U E* xt , together with the maps tp* Dt and tp* Bxt is called a subgraph of a 
graph G = (V, K, E); E = E itlt U E cxt , together with the maps (p ivt and (p oxt if 
V* CV,K* CK,E* CE and <p* nt = ip lat \ Ekt , ^ o * xt = <p*\ B ^ ■ 

A path is a graph P — (V, K, E int ); V = {v\, . . . , v n }, n := card(V^) > 1, to- 
gether with the map tp int so that tp int (E int ) = {{v%, V 2 }, {v 2 , v 3 }, {v n -i,v n }} 
and the vertices V\ and v n have degree 1, while the vertices v 2 , . ■ ■ , u n -i have 
degree 2. In this context, the vertices V\ and v n are called the end point ver- 
tices, while the vertices v 2 , ■ ■ ■ ,v n -i are called the inner vertices. A cycle is 
a graph G = (V , K' , E' int ); V — {v\, . . . ,v n }, together with the map <p' lat so 
that <p[ nt {E' M ) = {{vi,v 2 },{v 2 ,v 3 },...,{v n -i,v n },{v n ,vi}} and every vertex 
has degree 2. A graph is said to be connected if every pair of vertices is joined 
by a path. Otherwise, it is disconnected. 

Given a graph G = (V, K, E); E = E irit U E cxt , together with the maps tp iat 
and tp BXt , a maximal connected subgraph of the graph G is called a component. 
Moreover, the set 2 Bint is a vector space over the field Z 2 so that vector addition 
is given by the symmetric difference. The cycle space C of the graph G is defined 
as the subspace of 2 Bint generated by all the cycles in G. The dimension of C is 
called the cyclomatic number of the graph G. Let k := dimC, n := card(V) and 
m := card(_E int ). Then, k — m — n + c, where c denotes the number of connected 
components of the graph G [6]. 

Furthermore, given a connected graph, a vertex whose removal (together 
with attached edges) disconnects the graph is called a cut vertex. A graph is 
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said to be 2-connected (resp. 2-edge connected) if it remains connected after 
erasing any vertex (resp. any internal edge) . A 2-connected graph (resp. 2-edge 
connected graph) is also called biconnected (resp. edge-biconnected) . Further- 
more, a biconnected component of a connected graph is a maximal biconnected 
subgraph (see Q] 6.4 for instance). 

Now, let L = {xi, . . . ,x s } be a finite label set. Let G — (V,K,E); E = 
E int U £Ut) card(i? cxt ) = s, together with the maps ip iot and c/? oxt , and G* — 
(V*,K*,E*); E* = E* M U E* xt , card(£* xt ) = s, together with the maps p* t 
and <^* xt denote two graphs. Let I : E ext — > [K,L] and /* : E* xt -> [K*,L] be 
labelings of the elements of -E cxt and B* Kt , respectively. An isomorphism between 
the graphs G and G* is a bijection tpy ■ V ^ V* and a bijection tpx ■ K — > K* 
which satisfy the following three conditions: 

(a) tp int ({e a ,e a >}) = {vi,Vi,} iS ip* nt ({^ K (e a ),^K(ea')}) = {^v(«»), («*')}; 

(b) <y5 oxt ({e a ,e a /}) = {«i,e a /} iff ^* It ({fe(e a ), ^( e o')}) = {Vv(ui)) ^( e a')}i 

(c) xnz({ }) = inr({fe(e a ),fe(e aI )}). 

An isomorphism defines an equivalence relation on graphs. A vertex (resp. 
edge) isomorphism between the graphs G and G* is an isomorphism so that tpK 
(resp. tpv) is the identity map. In this context, a symmetry of a graph G is an 
isomorphism of the graph onto itself (i.e., an automorphism). A vertex symmetry 
(resp. edge symmetry) of a graph G is a vertex (resp. edge) automorphism of the 
graph. Given a graph G, let Aut ve rtex(G) and Aut e d g e(G) denote the groups of 
vertex and edge automorphisms, respectively. Then, |Aut(G)| = |Aut VO rtex(G)| • 
|Aut e dge(G)| (a proof is given in [10] for instance). 

3 Elementary linear transformations 

We introduce the elementary linear maps to be used in the following. 

Given an arbitrary set X , by QX , we denote the free vector space on the set 
X over Q. By idx ■ X ->I;i4 x, we denote the identity map. Given maps 
/ : X -> X* and g : Y ->■ Y*, by [/,£?], we denote the map [f,g] : [X,Y] -> 
[X*,Y*];{x,y} h> {f(x),g(y)} with [ff := [/,/]. 

Let V = and K — {e a } a£ N be infinite sets so that V D K = 0. 

Fix an integer s > 0. Let L — {x\, . . . ,x s } be a label set. For all integers 
n > 1 and k > 0, by W^f (resp. W^tL), we denote the set of all (loopless) 
connected graphs (resp. disconnected graphs with two components) with n 
vertices, cyclomatic number k and s external edges whose free ends are labeled 
Xi, . . . ,x s . In all that follows, let V = {vi, . . . , v n } C V, K — {ei, . . . , e f } C K 
and E = E int U E BXt C [K] 2 be the sets of vertices, ends of edges and edges, 
respectively, of all elements of W™^ s (resp. W^otn), so that card(i? int ) = k + 
n—1 (resp. card(i? int ) = k + n — 2) and card(i? cxt ) = s. Also, let I : E mt — > [K,L] 
be a labeling of their external edges. Finally, by W"^^ and W^Wgt,, we denote 
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the subsets of W"^ s whose elements are biconnected and 2-edge connected 
graphs, respectively. 

We begin by briefly recalling the linear maps ^E cxt ,v, k,j and Sj>i introduced 
in Sections 3 and 5.3.4 of [7j. We refer the reader to that paper for the precise 
definitions. 

(i) Distributing external edges between all elements of a given vertex subset in 
all possible ways: Let G = (V,K,E); E — E int U E cxt , together with the 
maps <p int and ip QXt denote a graph in W2'^ n ' s - Let V = {v Zl , . . . , v Zn , } QV . 
Let K' C K be a finite set so that K n K' = 0. Also, let E' axt C [K'] 2 ; 
s' := card(i?' xt ). Assume that the elements of E' eyet satisfy {e a ,e a '} H 
{eb, eb'} = 0. Let L 1 = {x s+ i, . . . , x s+s >} be a label set so that L H L' = 0. 
Let T : i?' xt — > [K 1 ,L'] be a labeling of the elements of E' cxt . Finally, let 
ZSz denote the set of all ordered partitions of the set E' oxt into n' disjoint 

subsets: 2^ = {(e2\ E^^E^U. . - and 

E'j^J = , Vz, j £ {!,..., n'} with i ^ j}. In this context, the maps 



are defined to produce each of the graphs G,„,(i> ^j, from the graph 
G by assigning all elements of E^ii' to the vertex v Zj for all j £ {1, . . . , n'}. 

(ii) The maps k,j ■ QW? o ±' s -+ QW£* +1 >*; G H> G* are defined to produce the 
graph G* from the graph G by connecting (or reconnecting) the vertices 
Vi and Vj with an internal edge for all i,j £ {1, . . . , n} with i ^ j. 

(iii) (a) We define the maps Sj>i from the maps Si given in Section 3 of [7], by 

restricting the image of the latter to graphs without isolated vertices. 
More precisely, let G — (V,K,E); E = E int U E oxt , together with the 
maps <p int and tp axt denote a graph in W™^' s . Let £, nt) j G K be the set 
of ends of internal edges assigned to the vertex i>, £ V; i £ {1, . . . , n}. 
Let If nt denote the set of all ordered partitions of the set £ iBt ,i into two 
non-empty disjoint sets: Z? nt = £^)\£^ £™ ti ± , £% U 

= and f£J. n 4?i = 0}- Moreover, let £ cxt ,, C £ cxt 

denote the set of external edges assigned to the vertex In this 
context, for all % £ {1, ... , n}, define the maps 

if < card(£ inM ) < 2 ; 
(E (£ W i)£ g) ()€2?nt G (s&>„£S,«>) otherwise ' 

where each of the graphs G,„<i) „<2> , is produced from the graph G 
as follows: (a) split the vertex Vi into two vertices, namely, Vi and 
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v n +i] (b) assign the ends of edges in and to Vi and u n +i, 
respectively. 

(b) Let Bi — {Gj, . . . , G™*} with rij > 1, be the set of biconnected compo- 
nents of the graph G containing the vertex «j. That is, Vi £ VJ 7 , where 
Vf* denotes the vertex set of the graph G\ for all j s {1, . . . , n,}. Let 
K.i denote the set of ends of edges of the graph G\ . Let £? nt i C 

be the set of ends of edges assigned to the vertex m which belong to 
the graph G\. Hence, £ lnM = U£L x £f nt)i and £^ tl n £™ M = for all 
j, m = 1, . . . , n,i with j m. In this context, we dehne the maps Sj>i 
by restricting the image of Si >1 to graphs obtained by replacing in 
the above definition the set j£ by ^ = ^ 

0, €!, u = . €!, n £™. - and n £^ ^ 

0, £^ ti n £f nM ^ 0Vj = 1, . . . , nj with Si>i(G) := if there exists j 
so that card(£' i J nt 4 ) < 2. 

(c) We define the maps and in analogy with the maps := 

2 l i,n+l 



\l% n . i ° Si given in [7] (see also [3] for p = 1): 



%g : = 2(p-l)! ^"+ 1 ° : QW ^ S ® W Z£' k+P ~ 1 '' > ( 2 ) 

where Zf n+1 denotes the pth iterate of Zj )71 +i with Z° n+1 = id. 
We now introduce the following auxiliary map: 

(iv) Fix integers n' > and 1 < i < n'. Let G = (V, K, E iat ) together with 
the map ip iat denote a graph in W";^' . We define the map 3, : G H- G* , 
where the graph G* satisfies the following conditions: 

(a) V* = X i(V), where xt : «i H- { . f ^ ^ .^n} iS a 
bijection; 

(b) if* = X*(iT), where Xe : e& i-> e t +b is a bijection; 

(c) E* nt = [ X i}HE lnt ); 

(d) ^otd] J = [x;po fc . 

The maps Si are extended to the whole of QW'™;^' by linearity. 

(v) (a) Distributing the biconnected components of a connected graph sharing 

a vertex, between all the vertices of a given biconnected graph in all 
possible ways: Let G — (V,K,E); E = E irit U E cxt , together with 
the maps <p int and ip oxt denote a graph in W™'* a ' s . Let C istt ,i C E int 
and £ oxt .i C E cxt be the sets of internal and external edges, re- 
spectively, assigned to the vertex m £ V with i G {!,..., n}. Let 
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Bi = {Gj, . . . , G™ ; } be the set of biconnected components of the 
graph G sharing the vertex t>j. That is, vi G , where V? denotes 
the vertex set of the graph G\ for all j G {1, . . . , n<}. Let Zg. denote 
the set of all ordered partitions of the set Bi into n' disjoint sets: 

Z r i = {(^\ ■ ■ • > Bi^JIBf 5 U . . . U Sf' ) = Bi and Sf } n Bp = 
<tM,l' G {1, •••,«'} with / ^ /'}. For all J G {l,...,n'}, let 
Bf ] = {G[ l },...,Gfl }. Also, let V$ C V denote the vertex set 



of the graph G® a for all a G {1, . . . ,7i(f)}. Let £^,i,a 
'(0 r- T/(0\r„,.i k q o« +1,0+ ,„ frW \ — [„,. T/'Wi t»+ /"(') 



K w C V$\{«i} be so that ^(^ A .) = [«i,K w ]. Let £[ nt l . 
Ua=i £ £t,i,a and := Ua=i ^a W . Finally, let G" denote a graph in 
Wbioonn • Also, let Hj(G') = (V, if, E int ) together with the map </3 int 
be the graph obtained from G' by applying the map 3j given above. 
In this context, for all i G {1, . . . , n} define 

r G ' ■ <P>W n ' k ' s -\ (nu/ n + n '- 1 ^ k + k '' s - 



(Bf ) ,...,B<"' ) )eX2 



where the graphs G (f5 u> ^ )} = (V*, if *,£?*); £* = E* nt U £* xt) 
together with the maps ^* nt and <p* xt satisfy the following conditions: 

(a) V* = V\{ Vi } U V- 

(b) K * = K U K; 

(c) £* = E* nt U where £* t = E int U £ mt , £* xt = E» xt \£ Bxt>i ; 
(d) 

= and ^*„ t (4L) = [«,+„,_!, V'W] for all 

Zg{2,...X}; 

(e) 

(f) /* = ^B cxt \£ oxt i is a labeling of the elements of E* xt . 

The maps rf are extended to the whole of QW™^' S by linearity. 
For instance, let C4 denote a cycle on four vertices. Figure [T] shows 
the result of applying the map f^tvertcx to the cut vertex of a 2-edge 
connected graph with two biconnected components. 




R3.4 o A 3 X =2 — + 2 




Figure 1: Linear combination of graphs obtained by applying the maps r£* vax 
to the cut vertex of the graph consisting of two triangles sharing one vertex. 
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(b) We define the maps ri° by restricting the image of rf to graphs ob- 
tained by replacing in the definition of the latter the set Zg. by the fol- 
lowing set of n'-tuples: {{B h 0, . . . , 0), (0, B h . . . , 0), . . . , (0*. . . , 0, B l )}. 

(c) Given a linear combination of graphs i9 = X^Gew" '"' 3 a oG; uq € Q 
in QtKL™, define 

rf:= Yl a orf. (3) 

n*:= Yl ^rf. (4) 

We proceed to generalize the edge contraction operation to the operation 
of contracting a biconnected component of a connected graph. 

(vi) Contracting a biconnected component of a connected graph: Let G = 
(V,K,E); E = E int U E ext , together with the maps ip int and ip ext denote 
a graph in W™^' s , where n > 1. Consider the following biconnected 
component of the graph G: G — (V,K,E); V — {v^ , . . . , Vi , } C V, 
K = i e ji > • ■ • ) e jf } £ ^ = ^int U E ext C £7, together with the maps (£ int 
and <p ext . Let ii < . . . < i n > and ji < . . . < jt> ■ Also, let k' denote the 
cyclomatic number of the graph G. Let B — {Gi, . . . , G„ B } be the set of 
biconnected components of the graph G so that V D Vi ^ 0, where Vi C V 
denotes the vertex set of the graph Gi for all I 6 {1, . . . ,ng}. Now, let 
A„ t> ; C E int and V? C Vi\{V n VJ) be so that ^ int (£ int ,*) := [V n V u V{}\ 
I G {1, • • • , Also, let := UL B i and := U?=i V l- F[ ^y, 
let £ free C K denote the set of free ends of the external edges in E cxt . In 
this context, define 

c G : QWZ't* -> QW c ^- n ' +1 ' fe - fe '' s ; Gh>G*, 

where the graph G* — (V*,K*,E*); E* — E* nt U E* xt7 together with the 
maps ip* Dt and tp* xt satisfies the following conditions: 

(a) V*=x?(V\(V\{v il })), where 

r vi if / e {l,...,i 2 - 1} 

X"' : vi i-> < uj-j+i if i G + G {2,...,n'} 

[ uj-n'+i if i G {v +l,...,n} 

is a bijection; 

(b) K* = Xe(K\K), where 

f e b if 6e{l,...,ji-l} 

xt-eb^l e b _i if 6e{ji + l,...,ji+i-l},Je{2,...,f-l} 
[ e b -t> if 6 G {jf + l,...,t} 

is a bijection; 
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(c) E* = E* at U where E* t = [ X *'] 2 (E int \E int ) , £ e * xt = [x<'] 2 (£ cxt ); 

(d) fa O [Xe'] 2 | £inA( £ intU£fnt) = [Xv'f ° ^n«l BinA( £; intU£fnt) ; 

< t ([x t e'] 2 (A?J = K:X?'(0]; 
vL([Xe'] 2 (4 xt )) = k,x^'(4«)]; 

(f) Z* = [Xe',idL]o/o[x*' X ] 2 : i?* xt is a labeling of the elements 

(vii) Erasing all external edges of a connected graph: Let G — (V,K,E); E = 
E int LiE ext , together with the maps <p int and ip cxt denote a graph in W™'* n ' s . 
Let Kx,K 2 C K satisfy K x n if 2 = and £ oxt = [ifi, A' 2 ]. Let U A 2 = 
{ejj , . . . , ei 2s } with ii < . . . < i 2s . In this context, define 

ip : QW"£ S -> QW^°; GH-G*, 

where the graph G* — (V*,K*,E* nt ) together with the map ip* nt satisfies 
the following conditions: 

(a) V* = V; 

(b) K* — x 2 e s i.K\(K 1 U K 2 )), where the bijection xl' s is given in (vi); 

(c) E* = [x 2s ] 2 (£ int ); 

(d) ^ t ([X 2 e S ] 2 (^)) = ^ t - 

The following lemmas are now established. 
Lemma 1. Fix integers s > 0, k > and n > 1. Then, for all i 6 {1, . . . ,n}, 

Proof. Let G denote a graph in Wu£lm- Apply the map qi>\ := 2 (p-i)\ tfn+i ° 
Si >1 to the graph G. Sj> 1 (G) is a linear combination of connected graphs. 

Therefore, by Lemma 5 of 7, the graphs in ?i>i(G) are 2-edge connected. 
Clearly, they must be biconnected in particular. □ 

Lemma 2. Fix integers s > 0, k, > and n > 1. (a) Let G denote a graph 
in W^'X'e with only one cut vertex. Then, qi^, crtcx>1 (G) 6 W^^ n ' k+P ~ 1,s . (b) 
Let G denote a graph in W™'J^e with at least two cut vertices. Then, gi>|(G) — 

&g(G) e w 2 n ^ k+p - 1 > s \w£+l' k+p - 1 ' s . 

Proof. The proof is trivial. □ 

Lemma 3. Fix integers s > 0, k, k' > and n,n' > 1. Let G denote a graph 
in w££'°. Then, for all i G {1, . . . , n], r?{Q)W^?) C Qflffi'- 1 '*** '■ 

Proof. The proof is trivial. □ 
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4 Recursion formulas 



We give a recursion formula to generate all equivalence classes of biconnected 
graphs. In a recursion step, the formula yields a linear combination of bicon- 
nected graphs with the same vertex and cyclomatic numbers. The key feature is 
that the sum of the (rational) coefficients of all graphs in the same equivalence 
class corresponds to the inverse of the order of their group of automorphisms. 
We extend the result to connected or 2-edge connected graphs. The underlying 
algorithms are amenable to direct implementation via coalgebra in the sense of 

0- 

4.1 Biconnected graphs 

We pick out the terms that generate biconnected graphs in formula (5) of [7]. 



Theorem 4. Fix an integer s > 0. For all integers k > and n > 1, define 
Puconn € QW^eann by the following recursion relation: 

• PuJl ■= 2(k+i)\ ^E ext ,{v 1 ,v 2 }(li,2( P 2)), where P 2 € WjH££ denotes a path 
on two vertices; 

. := 0, n > 2; 



1 /fe+1 71 — X 

Qn,k,s 1 ( n 0>) ( on-X,k+X-p,s\, 

- k + n - 1 1 ^ ^ *>i > + 

K P =i i=i 

n-2fc-J+l s 
3=2 p=l ' 

where for all integers j > 1, n> j + 1 and k > j , fjj ,k,s is given by the following 
recursion relation: 



-. k— 1 n— 1 n—n' + l / , , 

^ s --=kT^—iT.H E (fe'+«'-i)rf«- (^-:' +i ' fe - fe, ' s ) 

fc' = ln'=2 i=l ^ 



(6) 



k — 1 n-l y ' fc' o \ 

^ := fc + n-1 EE Ofir?-«'+ 1 '*-*'.-) . (7) 

U k' = ln'=2^ ' 
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Then, for fixed values of n and k, /3™if = J^Gew"- 11 - 3 a ° ^> aG e ^ f or a ^ 
G G W™cmn ■ Moreover, given an arbitrary equivalence class & C W^om > the 
following holds: (i) There exists G G so that qg > 0; (ii) J2oeV aG ~ 
\j\Aut( c <g)\. 

In formula (0, the ^Lrt C x>i summand does not appear when n < 4 or 
k < 2. 

Proof. Note that f3j' k ' s is the linear combination of all equivalence classes of 
2-edge connected graphs with only one cut vertex, j biconnected components, 
n vertices, cyclomatic number k and s external edges, with coefficient given by 
the inverse of the order of their automorphism group. This is a particular case 
of Theorem [5] to be given later on. We refer the reader to the next section 
for the proof. Thus, by Lemmas [T] and [2J the proof of Theorem [4] follows 
straightforwardly from that of Theorem 18 of [7] • □ 

4.1.1 Examples 

We show the result of computing all mutually non-isomorphic biconnected graphs 
without external edges as contributions to 0l^ co ^ n via formula ([S]) up to order 
2 < n + k < 6. The coefficients in front of graphs are the inverses of the orders 
of their groups of automorphisms. 



n = 2,k = 



n = 2,k = 1 



n — 3 , k — 1 



n = 2,k = 2 



n = 4, k = 1 
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ft — 3 f k — 2 



A 



Th — 2 j k — 3 2 4! 



ti — 5 j k — 1 



n = 4 = 2 i 



" = 2.A- = 4 21! ^ 



4.2 Connected graphs 

We use the maps rf biconn and the linear combination of graphs /3ScoLn S QWw'oonn 
given by formulas ([3J and ([5]), respectively, to generate all equivalence classes 
of connected graphs. The underlying algorithm is so that generated graphs are 
automatically decomposed into their biconnected components. 

Theorem 5. Fix an integer s > 0. For all integers k > and n > 1, define 
P™o]l' s ^ Q^f ' s 6j/ i/ie following recursion relation: 



^n,/c,s ^n,k,s _|_ ' 



fc + n — 1 
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-1 n—n'-\-l 



K IL — _L 74 — II — |— JL ✓ / , \ 

EE E ( ( fc ' + »' - (^r/ +1 ' fe " fe '' s ) ) , n > 2 . (8) 

fc'=0n'=2 i=l ^ ' 

Then, for fixed values of n and k, /3™;^ s = Sggh / " , ' c ' s a cG; cxq G Q /or a/Z 
G G W2;^' s ■ Moreover, given an arbitrary equivalence class C W2;^' s , the 
following holds: (i) There exists G G ^ so i/iai > 0; (mJ X^gg^^g = 

l/|jllri(*f)|. 

Proof. Let G denote any connected graph with m > 1 internal edges. We 
proceed to show that an arbitrary biconnected component of the graph G with 
m! > 1 internal edges adds m'/(m ■ |Aut(G)|) to the sum of the coefficients of 
all graphs isomorphic to the graph G. As expected, we thus conclude that every 
one of the m internal edges of the graph G contributes l/(m- |Aut(G)|) to that 
sum. 

Lemma 6. Fix integers s > 0, k > and n > 1 . Let (3™'^ s — ^GeW 1 ^-" a ° ^ e 
<Q>W^„' S be defined by formula (0). Let c € C W2^' s denote an arbitrary equiv- 
alence class. Then, there exists G G ^ so that etc > 0. 

Proof. The proof proceeds by induction on the number of biconnected compo- 
nents fx. By Theorem [U the statement holds for all graphs in /3™' n fc n ' s with only 
one biconnected component. We assume the statement to hold for graphs in 
/3™' l f n '' s with fi — 1 > 1 biconnected components. Let G denote any graph in 
c (a C lf"* s with fi biconnected components. Let /3bicojin° = X^/g^y™''*'' VG'G'i 

an',k',0 

r)c> G Q be given by equation ([5]) . Recall that by equation (|3|) the maps r ■ biconn 
read as 

rf--:= ]T r^rf. (9) 

We proceed to show that a graph isomorphic to G is generated by applying 
the maps r i blconn to graphs with fx — 1 biconnected components occurring in 
/3?„r"' +1 ' fc " fe '' s = T, G , eWS> -« '+!,*-.:',. /3 G *G*I G Q with non-zero coeffi- 

cient. Let G be an arbitrary biconnected component of the graph G. Let 
V = {vi ± , . . . , v% , } C V be its vertex set, where i\ < ... < i n > . Also, let k' 
denote its cyclomatic number. Contracting the graph G to the vertex yields 
a graph Cq(G) G W™~ n n +1 > fc - fc > s with fi — 1 biconnected components. Let ^? 

denote the equivalence class containing the graph c G (G). Let G' G W^ c ^ n '° 
be a biconnected graph isomorphic to ip(G), where tp{G) is the graph obtained 
from G by erasing all the external edges. By induction assumption, there ex- 
ists a graph in 38, say, H* , so that i?* = c^(G) and (3h* > 0. Let Vj with 
j 6 {1, . . . , n — n' + 1} be the vertex of the graph H* which is mapped to 
of Cq(G) by an isomorphism. Applying the map to the graph H* yields a 
linear combination of graphs, one of which, say, H, is isomorphic to G. That is, 
a H > and H = G. □ 
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Lemma 7. Fix integers k > 0, n > 1 and s > n. Let & C W2^' s denote an 
equivalence class. Let G — (V,K,E); E — E int U E eTt , together with the maps 
ip,„ t and ip ext denote a graph in ^ . Assume that V D ip ext (E elt ) — V. Let /?™^' s = 
Y^GeW n ' k ' s a ° G € QCf' 8 ^ e defined by formula (0). Then, J2c£^ a G = 
l/\Aut{¥)\. 

Proof. The proof proceeds by induction on the number of biconnected compo- 
nents \x. By Theorem 21 the statement holds for all graphs in /3™' n fc n ,s with only 
one biconnected component. We assume the statement to hold for graphs in 
fl^atf with — 1 > 1 biconnected components. Let the graph GGf C W^ n ' s 
have \x biconnected components. Let m = k + n — 1 denote its internal edge 
number. By Lemma [SJ there exists a graph, say, H € ^ which occurs in (3™^ s 
with non-zero coefficient. That is, H = G and an > 0. Moreover, the graph 
H € is so that every one of its vertices has at least one (labeled) external 
edge. Hence, |Aut ve rtex(^)| = 1 so that |Aut(^)| = |Aut e dgeC<OI- We proceed 
to show that X^gg^ aa = l/IAutf^ )|. To this end, we check from which graphs 
with fx — 1 biconnected components, the graphs in the equivalence class ^ are 
generated by the recursion formula (|5]), and how many times they are generated. 

Choose any one of the /i biconnected components of the graph H £ ^ . Let 
this be a graph, say, G, with vertex set V = {v^, . . . , vi ,} C V, where i\ < 
. . . < i n i . Also, let k', m! — k' + n' — 1 and s' > n' denote its cyclomatic number, 
internal edge number and external edge number, respectively. Moreover, let si 
denote the equivalence class containing the graph G. Since this is a subgraph of 
the graph H, |Aut(jz/)| = |Aut d g0 (-e/)|. Contracting the graph G to the vertex 
Vi x yields a graph c G (H) £ W™~™ + 1 > fc ~ fc > s with /i — 1 biconnected components. 
Let SB denote the equivalence class containing c G (H). The graphs in SB have no 
non-trivial vertex symmetries. Hence, the order of their automorphism group is 
related to that of the graph H £ via 

IAuW - |Aut(%?)l 



|Aut(>/)| ' 

Let P?-?' +1 ' k ~ k '' s = E G , eW ~-~>+i.*-*',sPG*G*;f3 G , £ Q. By induction as- 
sumption, 

Now, let /3™'i? = £ G , e< / c £,o VG'G'; n G , £ Q. Let G' £ W&£° be a bi- 

connected graph isomorphic to ip(G). Let 3! C W^ c ^ n '° denote the equivalence 
class containing G". The order of the automorphism group of the graph G' is 
related to that of G via 

|Aut(#)| - |Aut(*0| • |Aut vcrtcx (^)| 

for |Aut(^/)| = |Aut o dg C (-!20| = |Aut dg (^)|. By Lemma [H there exists a 
graph, say, H* £ SB so that H* = c G (H) and [3h* > 0. Let Vj with j £ 
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{1, . . . , n — nf + 1} be the vertex of the graph H* which is mapped to Vi x of 
Cq{H) by an isomorphism. Apply the map rf to the graph H* . Notice that 
there are |Aut ver tex(^)| ways to distribute the s' external edges assigned to 
the vertex Vj of the graph H* between all the vertices of the graph Sj(G') so 
as to obtain a graph in the equivalence class ^ 3 H. Therefore, there are 
|Aut ver tex(^)| graphs in the linear combination (H*) which are isomorphic 
to the graph G. Clearly, the map r^ produces a graph isomorphic to H from 
the graph H* with coefficient a* H = fin* £ Q- Now, formula © prescribes to 
apply the maps rf to the vertex which is mapped to by an isomorphism of 
every graph in the equivalence class 38 occurring in /3™~™ +1 > k ~ k ' s with non-zero 
coefficient. Therefore, 

a* G = |Aut vcrtcx (^)| • Pq* 

Ge^ G*esg 

|Aut vert ex(^)| 

|Aut(#)| 

|Aut vert ex(^)| ■ |Aut(j/) 

|Aut(<*?)| 
\Aut(Z>)\ 
|Aut(%f)| ' 

where the factor |Aut ve rtex(^)| on the right hand side of the first equality, is 
due to the fact that every graph (with non-zero coefficient) in the equivalence 
class 38 generates Aut ve rtex(^)| graphs in Hence, according to Theorem 2] 
and formulas © and ©, the contribution to J2Ge^ aG * s m '/( TO ' |Aut(#)|). 
Distributing this factor between the m' internal edges of the graph G yields 
l/(m • |Aut(^)|) for each edge. Repeating the same consideration for every bi- 
connected component of the graph G yields that every edge of each biconnected 
component adds l/(m • |Aut('^')|) to J2ce^ a G- 

We conclude that every one of the m internal edges of the graph G con- 
tributes l/(m- Aut^ ) |) to X)gs^ a G- Hence, the overall contribution is exactly 
l/|Aut(^)|. This completes the proof. □ 

/?"'mi' s satisfies the following property. 

Lemma 8. Fix integers s > 0, k > and n > 1. Let /32™ s = YlGeW n ' h,s a G e 
QW'';f ,s be defined by formula jffi). Moreover, let K' C JC be a finite set so that 
KnK' = 0. Let E[ zt C [K'f ; s' := card(£' xt ). Assume that the elements of 
E' ext satisfy {e a ,e a >} (~l {e b ,e b >} = 0. Also, let V = {x s+ i, . . . ,x s+s >} be a label 
set so that Lf)L' = 0. Let I' : E[ xt — > [K',L'] be a labeling of the elements of 
E' ext . Then, fZ±' s+s ' = ^E' cxt ,v{^£ s )- 

Proof. Let V* — {vi, u„_ n ' + 2, ■ • • , v n } C V be the vertex set of all graphs in 
Si(Kicdn°); i € {1, . . ., n-n'+l}. Clearly, 6^ Kt ,v = J2c^ t cE^ t ^E' axt \c axt ,v\v*° 

£c oxt ,v* : QW^ S -> QW^ S+S ' . Furthermore, £ c ^,v o r^°™ = 
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: QW^ l ' +hk - k '- s -> QW££' s+ *'\ wh ere s* = card(£ cxt ). Therefore, 
the equality /3™' n fe n ' s+s = £e' ,v(/3™',f n ' s ) follows immediately from the recursive 
definition ®. □ 

Lemma 9. Fia; integers s > 0, k > and n > 1. Let ^ C W"^' s denote an 
arbitrary equivalence class. Let /3™;m s = X^GeVK" ,fc ' s aG ^ ^ < Q^ /r "™' s ^ e defined 
by formula Then, 'YliGe : € OL G — t/\Aut{ c &)\. 

Proof. The proof is the same as that of Lemma 10 of [7] (see also Lemma 10 
and Theorem 10 of [9] and [10], respectively). □ 

This completes the proof of Theorem [5] □ 
4.2.1 Examples 

The present section overlaps Section 5.3.3 of [7]. We show the result of com- 
puting all mutually non-isomorphic connected graphs without external edges 
as contributions to /3™' n fe n '° via formula © up to order 2 < n + k < 5. The 
coefficients in front of graphs are the inverses of the orders of their groups of 
automorphisms. 



n = 2, k = 



n = 3, k = \ 



n — 2 , k = 1 ik COD 



3! 



n 



3,k = i i + \ mom-% 



n = 2,k 



1 
2-3! 



l(i 



n = 5,fc = i 




+ \ • • • • + 2 • • • • 



n — 3 , k — 2 22 ~l~ 2^ ^QK^ ~l~ 3! 



n = 2,k = 3 

4.3 2-edge connected graphs 

By Lemma [3j Theorem [5] generalizes straightforwardly to 2-edge connected 
graphs. 



Theorem 10. Fix an integer s > 0. For all integers k > and n > 1, define 
PZ'edgt S QWjJ^? &2/ ^ e following recursion relation: 



on,k,s on,k,s , ^ 

P^e - P Mc „„„ + fc + n _ j_ ' 

k — 1 n — 1 n— n' + l 

J5« 



EE E (*' + «'- l)rf bi ™ WlZ +1 ' k - k '' s ) ),n> 2(10) 



fe'=ln'=2 i=l 

Then, for fixed values of n and k, p^-hgt — *Yl,G<iW n ' k,s a ° ^> aG ^ Q -^ or a ^ 
G G WZ'JZ?. Moreover, given an arbitrary equivalence class ^ C W™' ed ge ' , the 
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following holds: (i) There exists G € ^ so that ag > 0; (ii) ^GeV aG = 
l/\AuUX)\. 



4.3.1 Examples 

We show the result of computing all mutually non-isomorphic 2-edge connected 
graphs without external edges as contributions to P™'^ via formula (fTUj) up to 
order 3 < n + k < 6. The coefficients in front of graphs are the inverses of the 
orders of their groups of automorphisms. 



n = 2,k = l ^ 



n = 3 , k — 1 



n = 4 fc = 1 



n = 2,fc = 3 



3! 



ri = 2,£; = 2 «Bt 



n = 3, k = 2 22 «C© + 23 



1 

24! 
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n = 4, k = 2 



2 2 



n = 3 , fc = 3 




QZCBD 



» = 2,* = 4 2l! ^ 

4.3.2 Algorithmic considerations 

We briefly discuss some of the algorithmic implications of the recursive definition 
([TO]) . In the present section, only graphs without external edges are considered 
for these may be added via the maps £E ext ,V- 

An important algorithmic aspect is to determine a priori the nature of the 
biconnected components of the 2-edge connected graphs generated by formula 
(|10[) . In this context, the most straightforward simplification is to restrict the 
formula to graphs whose biconnected components are cycles. Let C n denote a 
cycle with n vertices. Clearly, from formula ([5]) /3™iL!nn = l/(2n)C n , where for 
simplicity all graphs in the same equivalence class are identified as the same. 
Therefore, formula (fTUf specializes to 2-edge connected graphs with the aforesaid 
property as follows: 



n — 1 n— n +1 

E E ^'(^^°),n>2, 

n'=2 i=l 

where /3™^ c 6 QW^dgc denotes the linear combination of all 2-edge connected 
graphs with n vertices and cyclomatic number k so that every biconnected com- 
ponent is a cycle. In addition, suppose that one is only interested in calculating 
all 2-edge connected graphs whose biconnected components have a minimum 
vertex or cyclomatic number, say, n min and fc min , respectively. This is clearly 
obtained by changing the lower and upper limits of the sums over n' and k' in 
formula (jlOl) to n min and n — n min + 1 or fc min and A-fc min , respectively. 
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